Introduction
We continue the study of Narasimhan-Simha type Hermitian metrics on direct image sheaves of relative pluricanonical bundles. For a projective surjective holomorphic map f : X → Y of complex manifolds with connected fibers, a direct image sheaf f * (mK X/Y ) admits a natural, possibly singular, Hermitian metric g m , called the m-th Narasimhan-Simha Hermitian metric. In our work with M. Păun, we established the definition of g m , even when the map f has singularities and even when f * (mK X/Y ) is merely torsion free (it is a sort of an extension from the set of regular values of f to the whole Y ), and proved the curvature semi-positivity in the sense of Griffiths of g m (see [26, 1,1, 5.1.2] ). Here we are interested in the asymptotic behavior of the metric g m around the set of critical values of the fibration. Our main result is as follows.
Keywords: singularities of Narasimhan-Simha metric, relative pluricanonical bundle, Bergman kernel metric, nef vector bundle. Math. classification: 14D06, 32J25. Theorem 1.1. -Let X be a normal complex space with only canonical singularities at worst, Y a complex manifold, and let f : X → Y be a projective surjective holomorphic map with connected fibers and with dim X − dim Y = n. Let m be a positive integer such that f * (mK X/Y ) is non-zero. We endow f * (mK X/Y ) with the m-th Narasimhan-Simha Hermitian metric g m , via a resolution of singularities α : X → X and an isomorphism f * (mK X/Y ) ∼ = f * (mK X /Y ) with the m-th Narasimhan-Simha Hermitian metric on f * (mK X /Y ) obtained in [26, 1.1] , where f = f • α : X → Y is the composition. Let 0 ∈ Y be a point, and let X 0 be the scheme theoretic fiber of it.
(1) Suppose dim Y = 1 and Y = {t ∈ C; |t| < 1} is a disc with our special point 0 as the origin. Let r 0 be the log-canonical threshold of the pair (X, X 0 ), namely r 0 = sup{r 0; the pair (X, rX 0 ) is log-canonical }.
Then, for every u ∈ H 0 (Y, f * (mK X/Y )), there exists a constant A u > 0 such that g m (u, u)(t) 1 |t| 2(1−r0) (− log |t|) n A u m holds for any t ∈ Y \ 0, where Y ⊂ Y is a smaller disc independent of u. In particular if the pair (X, X 0 ) is log-canonical, i.e., r 0 = 1, then g m (u, u)(t) is at most (− log |t|) nm growth as t → 0. of varieties.) As we shall see (in 3.2 and 4.1), the Narasimhan-Simha Hermitian metric g m is independent of the choice of α : X → X. In 1.1(1), we know that 0 < r 0 1, r 0 ∈ Q and "sup" is in fact "max". For example, if X is smooth and Supp X 0 is normal crossing with its prime decomposition X 0 = b i X 0i , then the log-canonical threshold of the pair (X, X 0 ) is r 0 = (max i b i ) −1 (refer to [21, 9.3.12] for log-canonical thresholds, for example). Here in 1.1(2.i), a curve C ⊂ Y is general, if there exists a point t ∈ C such that the fiber X t of f has canonical singularities at worst and the fiber X t of f : X → Y is smooth. Note that in the case dim Y = 1, i.e., in (1), these conditions (2.i) and (2.ii) are automatically satisfied. In the case of dim Y > 1, the simplest setting will be as follows. We suppose that X is smooth and the set of critical values of f is a non-zero divisor D Y , and let f * D Y = b i B i be the prime decomposition. Suppose further that the divisor B i is f -relative normal crossing over a general point of D Y . Then, for every general point 0 ∈ D, we can see (2.i) and (2.ii) are satisfied, and then we can conclude ν(ϕ, P ) 2(1 − r 0 )m with r 0 = (max i b i ) −1 , where the maximum is taken among all components B i for which f (B i ) contains 0. Another possible setting for 1.1(2) is the case of weakly semi-stable reduction f : X → Y ( [1] ). This setting is seemingly quite technical, but it is natural and useful. We will discuss a bit around 1.2, 1.3 and the proof of 1.3 in §5.
We recall briefly how g m is obtained on f * (mK X/Y ) being X itself is smooth. Let Y 0 ⊂ Y be the open subset over which f is smooth. For every t ∈ Y 0 , the sheaf f * (mK X/Y ) is locally free around t by Siu's invariance of plurigenera [30] (see also [25] ), and its fiber is f * (mK X/Y ) t = H 0 (X t , mK Xt ), where X t = f −1 (t) is the fiber. On each X t , we construct a Bergman kernel type singular Hermitian metric B m,t on −mK Xt as a natural generalization of the usual Bergman kernel metric, and then with respect to a singular Hermitian metric h m−1,t = (B When K Xt is ample, this construction is due to Narasimhan-Simha [23] . In [26] , we showed this metric extends as a singular Hermitian metric on f * (mK X/Y ) with Griffiths semi-positive curvature. (See [28] , [26, §2] for a general discussion on singular Hermitian metrics on vector bundles or on torsion free sheaves.) To obtain such an extension, we needed to show that g , which is an estimate from the opposite side in 1.1 (1) . Though it plays no roles in this paper, an extension of the relative Bergman kernel type metric B m,X/Y on −mK X/Y from f −1 (Y 0 ) to X was a crucial step, for this the L 2/m -version of Ohsawa-Takegoshi's theorem was proved and applied (this part is due to [3] ). In a classical term of complex analysis, the weight function ϕ (= ϕ u ) := − 1 m log g m (u, u), so that g m (u, u) = e −mϕ , might be discussed. An upper bound ϕ c 0 on Y 0 is given in [26, 3.3.11] . While 1.1(1) gives a lower bound ϕ(t) 2(1 − r 0 ) log |t| − n log(− log |t|).
When m = 1, the metric g 1 is the so-called canonical
on each smooth fiber. In the situation of 1.1(1), if X is smooth, Supp X 0 is normal crossing and m = 1, it has a Hodge theoretic interpretation or foundation, and hence there are more precise and informative results. Motivated by the classification theory and the moduli theory of varieties, there are many former researches in this direction, including the case m 1 ( [12] , [11] , [14] , [15] , [19] , [2] , [22] , [32] , [34] , ... for the metric aspect, and more and more for the algebraic aspect, especially by Viehweg [33] ), however not so many for the upper bounds as in 1.1 (see [34, §7] for an adjoint type bundle case). Among them, we are influenced by Kawamata [16] , [17] , who first focused a role of the log-canonical threshold in the asymptotic of fiberwise integrals. Theorem 1.1 is also motivated by the following recent work by Fujino. 
is a nef locally free sheaf for every positive integer m.
Recall that a locally free sheaf E (of finite rank) on a smooth projective variety is called nef, if O P(E) (1) is nef on P(E). (Fujino uses a terminology "semi-positive" instead of nef.) We note that, if a line bundle L on a smooth projective algebraic variety admits a singular Hermitian metric h with semipositive curvature and its local weight ϕ (i.e., h = e −ϕ locally, and ϕ can be taken to be plurisubharmonic, psh for short) has zero Lelong numbers
everywhere, then L is nef ([6, 6.4] ). However the converse does not hold in general ( [8, 1.7] ). (The Lelong numbers are measuring the "big" algebraic singularities of a psh function, so it extracts an algebraic object from an analytic one, refer [7, Ch. 2] .) We shall strengthen 1.2 by applying 1.1 in the following form. These type of results 1.1, 1.2, 1.3 must be fundamental in further studies of analytic theory and differential geometry of moduli. Corollary 1.3. -In 1.2, the m-th Narasimhan-Simha Hermitian metric g m on the locally free sheaf F := f * (mK X /Y ) has Griffiths semipositive curvature, the induced singular Hermitian metric h = e −ϕ on O P(F ) (1) of P(F ) has semi-positive curvature, and the Lelong number of the local weight ϕ is zero everywhere on P(F ). In particular O P(F ) (1) is nef.
Let us explain what is improved. As we already explained, the property of the metric h = e −ϕ in 1.3 is strictly stronger than the nefness of O P(F ) (1) in general. Furthermore we stress the following point of view, which is our standing position from [26] . A Hermitian metric on O P(E) (1) is (by definition) a Finsler metric on a locally free sheaf E. A Hermitian metric on E defines a Finsler metric on E. A long standing conjecture by Griffiths asks that if O P(E) (1) is ample, i.e., E is ample, then E admits a Hermitian metric with Griffiths positive curvature. We note that the nefness of O P(F ) (1) in 1.3 is derived from a singular Hermitian metric on F , not only by a singular Hermitian metric on O P(F ) (1) .
In the course of the proof of 1.2, Fujino applies a weak semi-stable reduction theorem [1] , which gives a nice intermediate fibration (other than f : X → Y in 1.2), and then obtains the local freeness of the direct image by passing further to a good relative minimal model. To prove the nefness, he uses a covering trick and a result of Popa and Schnell [27] which is cohomological and based on vanishing theorems. We note that the total space of the weak semi-stable reduction is not smooth in general, but only canonical Gorenstein singularities. The behavior of the Narasimhan-Simha Hermitian metric g m around the critical set of a fibration is not well-understood in general, which will be likely the singularities of the fibration. A weak semi-stable reduction has only mild singularities, called toroidal singularities, and hence we can expect the Narasimhan-Simha Hermitian metric g m for such fibrations admits only mild singularities as well. This observation leads 1.3 as a corollary of 1.1.
The organization of this paper is as follows. In §2, we discuss the Bergman kernel type metrics and Narasimhan-Simha Hermitian forms on normal varieties. We especially discuss them on varieties with canonical singularities in §3. These parts are aiming to give a foundation, and hence they are more than enough to obtain the results stated in the introduction. We prove 1.1(1) in §4. Our method of proof is very direct, namely we compute the fiberwise integral by hand following the definition of the Bergman kernel and Narasimhan-Simha type metrics. Then in §5, we prove 1.1 (2) which is deduced from 1.1(1) and a simple reduction argument to a general curve section, and prove 1.3 along the line explained in the last paragraph.
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Construction of Bergman and Narasimhan-Simha type metrics
We recall basic constructions of Bergman kernel type metrics and Narasimhan-Simha Hermitian forms on complex manifolds, and extend them for normal varieties. These materials are first introduced in geometric setting by Kobayashi [18] and developed further in [23] , [29] , [2] and so on. We update them with some attentions on singularities of varieties and metrics.
Let us first mention a general remark to construct a singular Hermitian metric. If L is a line bundle on a complex manifold X with a non-zero . We refer to say that |s| 2 is log-psh. As this example already shows, a singular Hermitian metric is defined on stalks not on fibers of the line bundle.
Definition-Notation 2.1. -Let X be a complex manifold of dim X = n, which may be non-compact.
(1) We take a reference C ∞ volume form dV on X (which can be seen as a C ∞ Hermitian metric on ∧ n T X ), and regard the inverse h := dV −1 as a C ∞ Hermitian metric on K X . On a local coordinate (U, z = (z 1 , . . . , z n )), the correspondence of local frames is given by identifying c n dz ∧ dz and
Let m be a positive integer. Then for every u ∈ H 0 (X, mK X ), the squared pointwise length function |u| 2 h m is a semi-positive C ∞ -function on X, and
is a C ∞ , but possibly degenerate, Hermitian metric on −mK X . As we explained above, if u is non-zero, 1 |u| 2 defines a singular Hermitian metric with semi-positive curvature on mK X . We then also obtain |u| 2/m = |u|
2/m c n dz ∧ dz glue together and in fact define the continuous semipositive (n, n)-form |u| 2/m on X.
(2) We set
for every u ∈ H 0 (X, mK X ), and set
. We see tu m = |t| u m for every u ∈ V m and every constant t ∈ C.
(3) We shall suppose V m = 0 after this. For every x ∈ X, we set
We then obtain a function B h m on X (which is continuous in fact, see 2.2), and set
Here B h m depends on h, but B m does not. For this reason, we may denote as 
The next lemma is well-known classically, and may be needless to say. The last assertion shows that we can endow a natural pseudo-norm u m and a norm g m (u, u)
, and they satisfy a simple relation by definition.
We will say B m is continuous, and log B m is upper-semi-continuous respectively.
. Let x 0 ∈ X be a point, and take a local coordinate (U, z = (z 1 , . . . , z n )) containing a polydisc P centered at x 0 as a relatively compact set. We take u ∈ F m , and write u = u·(dz) ⊗m with u ∈ H 0 (U, O X ) and |u| 2/m = | u| 2/m c n dz ∧dz on U . By the mean value inequality for a phs function | u| 2/m , we obtain a local uniform bound
where cn 2 n dz ∧ dz is the real Euclidean volume form and the vol P is the real Euclidean volume of P . We note that the bound 1 2 n volP is uniform in u ∈ F m and also in m > 0. The Cauchy's estimate also implies that all u λ ∈ F m are equi-continuous on every compact set in U . As a consequence, F m forms a normal family on U . (We note that this equi-continuity depends on m, not uniform in m.) Thus, on every compact subset in X, F m forms a normal family. In particular, any sequence {u j } in F m contains a subsequence {u j }, which converges uniformly on every compact set in X. We then
We also note that all u λ ∈ F m are equi-continuous on every compact set in X.
(1) By definition of B m , there exists a sequence
. By the argument in (0), we can find a limit u 0 ∈ F m of a subsequence of {u j } such that |u 0 (x 0 )| 2 = B m (x 0 ). We can choose u 0 so that u 0 m = 1.
(2) We take a point x 0 ∈ X and a coordinate neighborhood (U, z) of x 0 . By the equi-continuity, for any ε > 0, there exists a neighborhood V ⊂ U of x 0 such that for any u ∈ F m and any
. Then from the left hand side inequality, we have, for
On the other hand, we take z ∈ V and take
Then from the right hand side inequality, we 
⊗m , and then we can regard (u ⊗ u)/B m as a C-valued function on X. We see that
(strictly speaking this holds on X m ). At each x ∈ X m , it has to be u(x) = 0 by definition of B m . Thus we obtain the continuity of c n u ∧ u h m−1 at x ∈ X m by the continuity of |u| 2/m .
Remarks 2.3. -We still keep the notations in 2.1, and denote by
(1) By the Hölder inequality, we have u⊗v ∈ F m+ if u ∈ F m and v ∈ F , where m, are positive integers. In particular by 2.
B m ) as a singular Hermitian metric on −(m + )K X (resp. −(m K X )). However we note that each F m is not a vector space.
(2) For every x ∈ X, we set
where sup * is the upper-semi-continuous envelope of the pointwise suplimit. We then obtain a bounded function B X,h on X, which is a consequence of the mean value property in the argument (0) of 2.2 (however the Cauchy's estimate depends on m, and hence we do not see the extremal property and the continuity of B X,h as in 2.2), and set
This is a singular Hermitian metric on −K X and is log-psh (unless
X is less singular than B m for any m > 0. If X is smooth projective for example, then the canonical ring is finitely generated by [4] , and hence the roles of B X may be replaced by one B 1/m m for a sufficiently large m > 0.
We shall extend the construction above to normal spaces. In the rest of this section, we use the following notations. 
We first explain an observation and a few conventions from [26, §2.4] on a notion of singular Hermitian metrics on torsion free or reflexive sheaves of rank one. When a variety is smooth, these are standard conventions in the theory of singular Hermitian metrics.
ANNALES DE L'INSTITUT FOURIER
Remarks 2.5. -A singular Hermitian metric h = e −ϕ on a holomorphic line bundle on X has semi-positive curvature if its local weight ϕ is psh, and has semi-negative curvature if −ϕ is psh respectively. A function ϕ : X → R ∪ {−∞} is psh, if it is upper-semi-continuous and ϕ • f is subharmonic (or ϕ • f ≡ −∞) for any holomorphic map f : ∆ → X from the unit disc in C (refer [9, §5] , especially [9, 5.3.1] 
is psh on U ∩X 0 , and hence it extends (uniquely) as a psh function on U by virtue of Hartogs' type extension again. From this point of view, we say h m 0 defines (or extends as) a singular Hermitian metric on a reflexive sheaf (L ⊗m ) * * on X.
(3) As one can see, there are some overlaps in (1) and (2) above. If D is a Weil divisor on X, which is also Q-Cartier, we can use both (1) and (2) above, namely (1) as a Q-Cartier divisor, and (2) by considering the corresponding reflexive sheaf
(4) Let L be a Cartier divisor on X, which is also regarded as a line bundle on X, and let h be a C ∞ Hermitian metric on L. Suppose that there is a non-zero section s ∈ H 0 (X, L). Then for every rational number q,
q defines a singular Hermitian metric on qL.
Lemma 2.6. -Let α : X → X be a resolution of singularities. Let L be a line bundle on X and let h be a singular Hermitian metric with semi-positive (resp. semi-negative) curvature. Then the torsion free sheaf L = α * L admits a singular Hermitian metric α * h with semi-positive (resp. semi-negative) curvature. The metric α * h will be called the push-forward of h .
Proof. -A precise definition of α * h will give a proof. Let W ⊂ X be the maximum Zariski open subset where α is isomorphic on it. We note codim (X \ W ) 2. We denote by (2)). This is what we call α * h.
We now extend 2.1 on our normal complex space X.
Definition-Notation 2.7. -Let m > 0 be an integer.
, and set 
Bergman and Narasimhan-Simha type metrics on varieties with canonical singularities
We note that Bergman kernel type metrics and mNS Hermitian forms are birational invariant in an appropriate sense of compact complex manifolds (cf. [29] ). The main point of the notion of canonical singularities is that we can obtain the same informations on pluricanonical forms from the regular part of the variety and from a smooth model of the variety. We confirm it is also the case of our Bergman kernel type metrics and mNS Hermitian forms. The aim of this section is to present the proof once for sure, although the results and the proofs are within expectations. For example, B m,X = (α * B m,X )|s E | 2m/ in 3.2(2) would not be trivial without proof. Our set up in this section is as follows.
Set up 3.1. -Let X be a normal complex space with canonical singularities at worst. A normal complex space X has canonical singularities, if the canonical divisor K X is Q-Cartier and if for a (any) resolution of singularities α : X → X, one has K X ∼ Q α * K X + E with an α-exceptional effective Q-divisor E (this is equivalent to saying that there is an α-exceptional We allow in 3.1, X to be smooth and α : X → X to be non-isomorphic. We should say that, a normal complex space X has canonical singularities, if there exist a positive integer > 0 such that ω X is locally free and a resolution of singularities α : X → X such that ω
We have defined in 2.7 the pseudo-norm, the Bergman kernel type metric and the mNS Hermitian forms on a normal variety. We compare them with those on a resolution X . We will denote these objects by u m,X and
, on X as in 2.7 and on X as in 2.1 respectively. The main conclusion in this section is Proposition 3.2. -Let X be a normal complex space with canonical singularities at worst, and let α : X → X and K X ∼ α * ( K X ) + E be as in 3.1. Then for every integer m > 0, a natural pull-back homomorphism
is defined and an isomorphism of C-vector spaces, moreover it is compatible with the natural L 2/m -pseudo-norms and the mNS Hermitian forms. More precisely;
(1) For every u ∈ H 0 (X, ω m X ), one has u ∈ V m,X if and only if α * u ∈ V m,X and
In particular if X is compact, one has u m,X = α
for an appropriate choice of a non-zero section s E ∈ H 0 (X , E) (which is independent of m), where the pull back α * B m,X is in the sense of a singular Hermitian metric for a Q-Cartier divisor −mK X , and where we used a convention at the beginning of §2 for |s E | 2m/ . 
It is known that there is an isomorphism α * (mK X ) ∼ = ω m X , and hence
Because we would like to obtain exact values of integrations, we first recall this isomorphism in the level of differential forms as follows.
Preliminary 3.3. -(0) For the resolution of singularities α : X → X in 3.1, we let W be the Zariski open subset W ⊂ X reg on which α is biholomorphic, and set W = α −1 (W ). We do not suppose W = X reg . In particular codim (X\W ) 2 and α(E)∩W = ∅. We suppose K X is Cartier and regard it as a line bundle. We take a non-zero section s E ∈ H 0 (X , E), whose zero divisor is an integral effective divisor E.
Let U ⊂ X be a small open subset with a nowhere vanishing section
, where we use a different notation α * B for the pull-back as a general bundle valued object to avoid risk of confusions. The pull-back of functions and forms will be denoted by α * as usual. We may also denote by α * F for the pull back of (pluricanonical-)forms if necessary.
(1) We regard κ ( ) | Ureg as an -canonical form on U reg , and pull it back α * F (κ ( ) | Ureg ), which is an -canonical form on α −1 (U reg ). Since both α *
, which turns out to be a nowhere vanishing holomorphic function on α −1 (U reg ) ∩ W (as no zeros and no poles on α
in a natural way, we can conclude that there exists a nowhere vanishing holomorphic function f ( ) on U such that
We note that once s E ∈ H 0 (X , E) is given, f ( ) is independent of a local frame κ ( ) ∈ H 0 (U, K X ). As a conclusion, the pull back as ancanonical form α
We denote this map by
This is actually bijective. The inverse, say α * is given by
Here the middle isomorphism is given by dividing by f ( ) s E (which has no zeros on U ∩ W ). (As long as X is normal, but not necessarily canonical, we have a (natural) map
, which is merely injective.)
In the argument above, we remarked the independence of f ( ) from a local frame κ ( ) ∈ H 0 (U, K X ). In particular, if we take another small open set V ⊂ X with U ∩ V = ∅ and obtain α *
is a local frame. Thus if we vary U so that a collection {U } forms an open covering of X, then these {f U } glue together and define a nowhere vanishing holomorphic function on X . Hence by considering f ( ) s E ∈ H 0 (X , E) in stead of s E from the beginning, we may suppose that f ( ) ≡ 1 (if we prefer). Thus we obtain a natural global bijection
. By a similar argument above, we can check that this α * is well-defined (namely, glue together) when we vary open subsets U .
(2) We also obtain a natural bijection
, where we regard u| Xreg as an m -canonical form on X reg , and where f ( ) ∈ H 0 (U , O X ) is the same as in the case of m = 1 (it can be f ( ) ≡ 1 if we prefer). In fact, the first point is that on every small open set U with a frame κ 
extends on X holomorphically and vanishing along m E at least. In particular, as α * F (u| Xreg ) extends to X holomorphically, α * F (u| Xreg ) itself extends to an element of H 0 (X , mK X ) by Riemann type extension (note that mK X is a line bundle). Thus we obtain a homomorphism α
, which is clearly injective. To see α * is surjective, we take an isomorphism
, where the middle isomorphism is induced by K W ∼ = α * K W , and other two morphisms are the natural one (induced from the restriction maps).
) and α * β * (u /τ ) = u , which implies α * is surjective. As we see, this isomorphism α * is not so clear at all, though it is clear if we take its -th power.
(3) We take u ∈ H 0 (X, m K X ). We here regard u| Xreg as an L (m−1) := (m − 1) K X -valued -canonical form on X reg and pull it back, we denote it by α * A (u| Xreg ), which is an α * L (m−1) -valued -canonical from on α −1 (X reg ) ("A" stands for "adjoint"). Let U be a small open subset with a frame κ
is the same as in the case of m = 1 (it can be f ( ) ≡ 1 if we prefer). Here we used the relation α *
. We note as a consequence that α *
. Then we proceed as before, and we obtain a natural bijection
Proof of Proposition 3.2. -We give a proof of 3.2 under the set-up and the notations in 3.3. We normalize f ( ) ≡ 1 in 3.3. We take an integer m > 0 with V m = 0. We have already proved in 3.3(0)-(2') that there is a natural pull-back isomorphism α
. By a formula of change of variables, we can see
holds, and thus we have u m,X = α * F u m,X . If X is compact, the last integral converges, as (thanks to 3.3(2')) the integrand extends continuously to X which is compact. 
We can check this by taking reference C ∞ -Hermitian metrics; h K on a line bundle K X , h E on a line bundle E, and then h K = α * h K · h E on K X . We take an arbitrary point x ∈ W ⊂ X \ E and set x := α(x ) ∈ W . Noting u m,X = u m,X , we take sup u m,X 1 and sup u m,X 1 in the equality above, we obtain B m, 
These equalities make sense on α −1 (X reg ). In particular α * A u in the last two term means α * A (u| Xreg ) in which we regard u| Xreg as a bundle L m−1 | Xreg -valued holomorphic n-form on X reg and pull it back. Then by integration, we have Xreg c n u
Singularities of Narasimhan-Simha metrics
We shall study Narasimhan-Simha Hermitian forms in a family of varieties, especially the upper bounds when the fibers approach to a degenerate fiber. We shall prove 1.1(1) in this section. Before doing so, we would like to make a remark on the definition of the m-th Narasimhan-Simha Hermitian metric g m for a family of varieties with only canonical singularities. 
be the natural homomorphism, where the last isomorphism is given by the adjunction formula ( [20, 5.73 
]).
The invariance of plurigenera including the case with canonical singularities ( [30] , [31] ) shows that ϕ t is surjective. We denote by u t = u(t) = ϕ t (u) for u ∈ H 0 (Y, f * (mK X/Y )) and t ∈ Y 0 . We can define (by 2.7 and 3.2) the
where · m,t is the L 2/m -pseudo-norm on H 0 (X t , mK Xt ), and the mNS Hermitian form
where g m,t is the mNS Hermitian form on H 0 (X t , mK Xt ). We take a resolution of singularities α : X → X and let f = f • α : X → Y be the composition. Let Y 0 := {t ∈ Y ; the fiber X t of f is smooth}. By 3.2, for every t ∈ Y 0 ∩ Y 0 , we have the same L 2/m -pseudonorm u m,t and the mNS Hermitian form
. Thus we first obtain the same (namely natural) m-th Narasimhan-Simha Hermitian metric on In the rest of this section, we devote ourself to the proof of 1.1(1). Yoshikawa [34, §7] treats some special cases with m = 1 and with conditions on singularities on X and (X, X 0 ). Our method here is similar to [34] , however more involved because of the generality of our setting. Preliminary 4.2. -As a preliminary for the proof of 1.1(1), we here consider a fiberwise integral near a possible degenerate fiber of f . We will use the notations in 1.1(1) and 3.1.
(1) We take a log-resolution of singularities α : X → X of the pair (X, X 0 ). We denote
are positive integers) and Supp X 0 = B j . We let
As in 3.1, we let > 0 be the smallest integer such that K X is Cartier and K X ∼ α * ( K X ) + E for an α-exceptional effective integral divisor E on X . We write E = k j B j + ∆ with rational numbers k j 0 and an effective Q-divisor ∆ on X without common components with
Recall that r 0 is the log-canonical threshold of the pair (X, X 0 ). As
Since (X, X 0 ) is canonical outside X 0 , no components of ∆ provide a logcanonical singularity of (X, X 0 ). (The number r 0 satisfies k j − r 0 b j −1 for all j and k j − r 0 b j = −1 for some j. This is almost the definition of r 0 in our setting.) By shrinking Y , we may suppose f is smooth over Y \ 0.
(2) We take a point x 0 ∈ X 0 , and put x 0 = α(x 0 ) ∈ X 0 . We take an open neighborhood W of x 0 in X with a local frame κ ( ) ∈ H 0 (W, K X ). We take a local coordinate z = (z 1 , . . . , z n , z n+1 ) of X centered at x 0 , which is defined on an open subset containing a polydisc U = {z ∈ C n+1 ; |z i | 1 for any 1 i n + 1} and α(U ) ⊂ W . We may assume that
on U , where b j are non-negative integers, c(x 0 ) > 0 is a constant, k j are non-negative rational numbers such that all k j are integers, and δ(z) ∈ H 0 (U, O U ) is a holomorphic function whose zero divisor is ∆| U (cf. 3.3 (1)). Moreover we may assume that
holds. Note that max j b j b and
As in a calculus Lemma 4.3 below, we find non-negative integers J 0 and J 1 (lengths of indexes) with J 0 + J 1 n so that b j = 0 for every (z 1 , . . . , z n ) be a projection. We set U t = pr (X t ∩ U ) and
We see U t ⊂ U * t . We can regard X t ∩ U ⊂ C n+1 as the graph of (or the domain of uniformizing) the multi-valued holomorphic function
n . Since t = 0, the projection X t ∩ U → U t is an unramified covering, and hence X t ∩ U is a union of b n+1 -branches:
U ti , where each pair U ti and U t(i+1) (and also U tbn+1 and U t1 ) intersect along their collars (U ti ∩ U t(i+1) is a real 2n − 1 dimensional manifold). By an appropriate (somewhat standard) choice of U ti ; distinguished by a b n+1 -th root of unity multiplications, we can take (U t , (z 1 , . . . , z n )) as a local coordinate of U ti via the projection pr : U ti → U t on each branch U ti . By 4.3, we have
Here the first product is less than ( b n+1 ) n ( b) n , since each factor is estimated as
where we note that |t/c(x 0 )| < 1 and (
(it is positive and an integer). The second product is less than (− log |t|) J1 , since each factor is estimated as
where we note that b j ∈ Z >0 , log c(x 0 ) < 0 and − log |t| > 1. Hence we have for example 
(1) We first consider the pseudo-norm in the following special situation.
Then we shall show that there exists a constant
, which is an m -canonical form on X vanishing along m E (see 3.2). We denote by u = (α| U ) * u ∈ H 0 (U, O X ). We note f (z) = f * t, and recall
Noting a relation f
We let
restricted to U . We note that for any t ∈ Y \ 0, the restriction σ| X t ∩U ∈ H 0 (X t ∩ U, m K X t ) for t ∈ f (U ) \ 0 is welldefined for u and u (independent of dt), and a collection {σ| X t ∩U λ } λ , for the open covering {U λ } λ of f −1 (Y ), glues together and simply recovers
. This is a side remark. Since we supposed that u vanishes along m X 0 (regarded as an element of
. As we will see in (2) below, the assumption that u is divided by f * t m is not essential, just for convenience of computation.
(1.2) We set A u := sup W | u| 2/m . We can suppose that A u < +∞ being everything is defined on a larger open subset containing W . We have
Here I t is the integral in 4.2(3) (recall U t ⊂ U * t ). As |t| < 1 and r 0 = min j ( k j + 1)/ b j , we have |t|
c(x 0 ) −2r1 as 0 < c(x 0 ) < 1. Hence by 4.2(3), we have
is determined by X, f and may be by α : X → X. We then have our assertion in (1) by combining the last estimate on each U = U λ of the finite open covering of f −1 (Y ) and
(2) We consider the general case. We take n. Assume a j = 0 for every j J 0 , a j = −1 for every j n − J 1 + 1, and −1 < a j < 0 for other J 0 < j < n − J 1 + 1 (if it exists). In particular J 0 = {j; a j = 0}, J 1 = {j; a j = −1}, possibly J 0 = 0 or J 1 = 0. Let 0 < ε j < 1 be a real number for each j = J 0 + 1, J 0 + 2, . . . , n, and let U * ⊂ C n be the set of points z = (z 1 , . . . , z n ) ∈ C n such that
Proof. -Straight forward from Fubini's theorem.
Remark 4.4. -The computation, we have done in the proof of 1.1(1) above, is itself elementary. It will be adapted to any proper holomorphic mapping between complex manifolds with connected fibers.
In the case of higher dimensional base
We shall prove 1.1(2) and 1.3 in this section. We first state a general result which is valid for singular Hermitian vector bundles (and we refer to [28] , [26, §2.2, §2.3] for a general discussion about it). Let X ⊂ C n be a domain containing the origin, and let E = X ×C r be a trivial vector bundle TOME 66 (2016), FASCICULE 2 of rank r > 1. Let π : P(E)(= X × P r−1 ) → X be the projective space bundle and let L = O P(E) (1) be the tautological bundle (i.e., the universal quotient line bundle π * E → L). Let h be a singular Hermitian metric on E with Griffiths semi-positive curvature. Let e ϕ be the induced singular Hermitian metric on the dual L * as the sub-bundle L * → π * (E * , h * ). By a general theory ([26, 2.3.4] ), e ϕ has a semi-negative curvature current, i.e., the local weight ϕ is psh.
Lemma 5.1. -Suppose that (i) there exists a smooth curve (C, t) ⊂ X passing through 0 ∈ X with a coordinate t and t = 0 corresponding to 0 ∈ X, and 0 < det h < +∞ on C \ 0 (in particular the restriction h| C is well-defined as a singular Hermitian metric on E| C ), and that (ii) there exist real numbers 0 and k > 0, such that, for every u ∈ H 0 (C, E| C ), there exists a constant A u > 0 such that |u| 2 h (t) < 1 |t| 2 (− log |t|) k A u holds for any t = 0. Then the Lelong number of ϕ is bounded by ν(ϕ, P ) 2 at any point P ∈ π −1 (0) ⊂ P(E).
Proof. -We shall show two inequalities ν(ϕ, P ) ν(ϕ| π −1 (C) , P ) and ν(ϕ| π −1 (C) , P ) 2 .
(1) It is well-known that the Lelong numbers only increase by a slice, as long as its restriction is well-defined. and O(1) is a bounded term ( [7, (2.8)] ). This property deduces ν(ϕ, P ) ν(ϕ| π −1 (C) , P ).
(2) To prove ν(ϕ| π −1 (C) , P ) 2 , we can suppose dim X = 1 and C is X itself. We take a standard basis {e i } We also have |h ij (t)| (h ii (t)h jj (t)) 1/2 < α(t) for any i, j. Let λ r (t) > 0 be the largest eigen-value of the matrix h(t). Then we see λ r (t) r max i,j |h ij (t)| < rα(t), and then the smallest eigen-value of h * (t) = t h(t) −1 is λ r (t) −1 > 1/(rα(t)). (We supposed t = 0.) We take a point P ∈ P(E) such that π(P ) = 0 ∈ X, and take a local coordinate (U, (t, w)) of P(E) = X × P r−1 centered at P . We regard ϕ ∈ ANNALES DE L'INSTITUT FOURIER L 1 loc (U, R) as a psh function (not as a collection of functions satisfying a gluing condition). Let ν 0 = ν(ϕ, P ) be the Lelong number of ϕ at P . We suppose ν 0 > 2 . We take a constant ε > 0 such that ν 0 − ε > 2 + ε. Then there exist a small neighborhood U ⊂ U of P and a constant M 1 > 0 such that ϕ(t, w) < (ν 0 − ε) log(|t| 2 We are ready to prove Theorem 1.1(2) and Corollary 1.3.
Proof of Theorem 1.1(2). -Since our assertion is local, we can suppose that Y ⊂ C m is a ball centered at 0 with a coordinate z = (z 1 , . . . , z m ), and C = {z 2 = . . . = z m = 0} in Y and t = z 1 | C is a coordinate of C. We let Y 1 = {y ∈ Y ; the fiber X y of f has canonical singularities at worst, and the fiber X y of f is smooth}. Since C is general, by shrinking Y if necessary, we can suppose that C \ 0 ⊂ Y 1 . In particular, any fiber X t of f C , but the central fiber X 0 , has canonical singularities at worst. TOME 66 (2016), FASCICULE 2
